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In  this  note  we  study  the  modulational  stability  of  real,  two-phase 
asm  studied.  z- 

sine-Gordcn  wave  tr  air.  sA  There  are  three  classes  of  such  waves;  we  find 


the  kink-kink  trains  are  stable,  while  the  breather  trains  and  kink- 


radiation  trains  are  unstable  to  modulations. 


'These  results  continue  the  investigations  of  Flasehka,  Forest,  and 


McLaughlin -£±^>  for  the  KaV  equation  and  of  Forest  and  McLaughlin  £3,  3^> 
for  the  sinh-Gordon  and  sine-Gordon  equations.  In  a  previous  paper  -te??— 


the  sine-Gordon  two-phase  modulation  theory  could  only  be  carried  to  an 


intermediate  stage.  Here  we  use  recent  results  of  Ercolani  and  Forest 
complete  this  project.  ^  ' 


References  [1,  2,  3]  contain  detailed  accounts  of  how  inverse  spectral 


theory  cen  be  used  to  prescribe  and  analyze  the  modulations  of  quasi- 


periodic  vavetrains.  Here  we  assume  some  familiarity  with  these  references. 


In  particular,  we  assume  the  sine-Gordon  relevant  discussions  in  [2]  about 


squared  eigenfunctions,  conservation  laws,  and  the.  9  -  and  v-  -  repre¬ 


sentations  of  two-phase  solutions.  We  also  refer  to  several  calculations 


in  [2]  which  directly  apply  here.  Moreover,  we  quote  two  important  results 

,  ux  rows  office  OP  scimriFic  research  (afsc) 

from  [4j.  .  NOTICE  OF  TRANSMITTAL  TO  OTIC 

This  technical  report  has  been  revlevad  and  Is 
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We  consider'  a  real  sine-Gordon  wave  which  locally  appears  as  a  two- 


phase  wave train,  but  which  has  physical  characteristics  (such  as  wave 
numbers  and  frequencies)  that  change  slowly  over  large  scales  in  space 


and  time-.  Thu3,  this  modulating  two-phase  wave  locally  is  described  by 


the  "0  -  representation”, 

U  °*  uCe^  e2J  E(X,  T))  ,  (II. la) 

where  2  =  (E^,  ...  ,  E^)  .  The  local  or  fast  dependence  is  described  by 


~5T 


0_.  *  K 


d  -  1,  2 


ej  •  "j  : 


(II. lb) 


the  slow  dependence  of  E  on  |  X  =  €  t  j  models  the  modulations  in  the 

•f  4 

physical  characteristics  of  the  wave.  (For  example,  k  ’and  ««  are 
functions  of  E(X,  T).  ) 

There  are  three  physically  distinct  classes  of  real  two-phase  sine- 
Gordon  wave  trains,  corresponding  to  the  following  possible  configurations 
of  E^,  ...  ,  E^  consistent  with  real  waves  (see  [2]). 


Breather  Train 

V  E2'  *3  e1*  h  ~  2* 

all  distinct. 

(II. 2a) 

Kink-Kink  Train 

E1  <  Eg  <  E3  <  < 

0  . 

(II. 2b) 

Kink-Radiation  Train 

E,  <  E_  <  0,  E_  =  E*  E0 

,  rE,.  . 

(II. 2c) 

.  The  modulational  equations  for  such  vaye trains  constitute  a  first- 
order  system  of  quasi- linear  partial  differential  equations  for  E.(X,  T), 

O 

j  a  1,  It,  In  [2],  it  is  shown  this  system  admits  the  following 

representation  on  the  underlying  Riemann  surface  ft  of  the  curve  (E,  R(E)), 
where 


k  (E)  =  E  TT  (E  -  E.)  . 

4  =  1  3 


(II. 3) 


The  modulation  equations  are  described  by 


_i_  fi(-)  .  J.  rf+)  .*o 

d?  dx  * 


(II. Ua) 


°+i  1  "Tt  °-i  ' 


(II. Ub) 


where  0+1 ,  fi  1  are  well-defined  differentials  on  ft  given  by 


_  1  ,  «  ,  .  x  dE 

n+i s "  2  *  j!i  E ^  Risy  * 


(I1.5a) 


%  ■  <  ff  (-iT-  -  1)  > 

2  4  =  1  j 


dE 

E  R(E)  * 


(II. 5b) 


The  symbol  (f(u))  represents  an  average  over  the  real  isospectral  mani- 
fold  for  that  class  of  waves,  defined  with  respect  to  the  8  -  representation 


2JT  2IT 


<f(u(ex,  e2))>  =  — j  j  f(u(ex,  e2))de1  de2.  (n.6) 


(2rf)  •  o  o 


The  average  is  computed  for  frozen  values  of  E(X,  T)  . 


tamaggr- 


-'  v/.v  .‘.-.r.*;  •v-v-'r-v-v-v-v-r. 


We  begin  with  the  system  (II. 4),  (II. 5)  as  derived  in  [2],  and  now 
use  recent  developments  in  [4]  to  compute  these  averages  as  products  of 
Single  integrals.  These  arguments  apply  to  all  three  classes  of  real  two- 
phase  waves;  we  specialize  only  at  the  end  to  deduce  the  consequences  for 
each  class. 

Consider  some  function  f(u)  of  the  modulating  two-phase  wave 
u(0j,  0g)  .  Viewed  as  complex  coordinates,  0^,  0g  parametrize-  a  complex 
two- torus;  the  restriction  0^€  [0,  2TT),  6g€[0,  £JT)  identifies  the  real 

isospectral  manifold  1ft,  which  is  a  real  two- torus 

n  =  x2 .»  e  x  eg  =  (o,  ar)  x  [o,  srr) .  (m.i) 

Thus,  the  average  over  1ft  is  given  as  in  (II. 6) , 

2TT  2TT 

<f(u)>  =  — 3—  J  J  f(u(0x,  •  (III- 2) 

(2JT)  0  0 

-  Next  we  change  variables  from  0  to  the  "Y  -  coordinates"  of  1ft 
provided  in  [4], 

1ft  *  S2  =  (Y^  -  cycle)  X(Y2- cycle)  ,  (III.3) 

where  Y  »  (Y^,  Yg)  €  ft  X  ft  are .  the  following  cycles  (Figure  2)  for  the 
three  classes  of  two-phase  waves. 
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va.ri*.bte*  o$  te«  r»  t  i  or.  a 

With — 1 — —  -the  Jacobiaa.nf..±hft,,.ehao 
sy 


rin&t&s.,  (ill. 2)  becomes 


<f(u)>  «  — —  f  f  f(u(v))  l-S®.  I  av  av  . 
(air)2  V  3y  1  2 


(III. 4) 


We  vrite  the  Jacobian  as  a  product, 

\4r\ l4l  l-£l  , 

3y  3(i  OY 

and  analyze  each  factor.  First,  by  parallel  arguments  in  [1,  2], 


l-SS-l  -  (ST) 


2  det  p 


det  M  ’ 


(III. 5a) 


where 


=  r  j-1 

J  *  4rTm7  1 

Yj- cycle 


(III. 5b) 


Second,  it  is  proven  in  [4]  that  the  map  from  Y  to  p>  variables  is 
diagonal  and  globally  defined,  with 


“l(Y)  5  ^1(V  '  li2(Y)  E  *2(V  ' 

*►  Su  du 

-Sr-  <V  sr  (V  *  0  • 

dY  1  oy2  * 


(III. 6) 


For  f(u)  given  by  (E  -  0(E  -  or  ( -^ - 1)  - l)  , 

these  facts  now  allow  us  to  factor  the  two-fold  integrals  (III.4) .  We 
compute  one  average  and  the  other  will  be  obvious.  From  (HI. 5),  (III. 6), 

<  <TT-  -  IK-#-  -  1)  >  • 


-dn  If*-  -CTry) I  "(W) I  |£(V  ^-(Ya)  «x  «y2  , 

4»  X  X  X  c 


and  by  the  nature  of  the  integrands,, 


s  det M  J  I  det[(1_  ^ 

m  11 

since  =  (yx  -  cycle)  X  (Yg  -  cycle) 
gives 

s  det  M  det  C  J  ^1"  n  (Y, )  ^ 

Yi-cycle  x 


d-i 

(Yi> 

k^tt  ^<VdV  * 


is  a  product  space.  Pub ini’s  theorem 


3-1 

“i  (V 
iU^lvJT 


du. 


dY 


~(V.)  dY.  ]  . 


(III. 7) 


Now  that  the  two-fold  integrals  have  been  factored  into  single  integrals 
over  the  Y^  -  cycles,  we  change  variables  by  (ill. 6)  from  Y^  to  Pk  , 

and  make  use  of  the  result  in  [4]  that  the  p  -  cycles  are  globally  homo- 
logons  to  the  Y  -  cycles  of  Figure  2, 


-  cycle  ~  Yj  -  cycle  ,  i  =  1,  2  . 


(III. 8) 


This  yields 


<(•#--  D>/aet[  I 


Yj-cycle 


det  M 


,  d.tt  J  (1- -f-)  -g^- o**  j 

Yj-cycle 

datt  J  1,1 

YA -cycle 


(lH.9b) 


RZMAr.K .  The  formulas  (ill. 9a,  b)  are  precisely  those  obtained  in 

[2]  for  the  two-phase  sinh-Gordon  modulations;  the  only  change  is  the 
Y^  - cycles  are  given  by  Figure  2  for  sine-Gordon  waves.  Therefore,  the 
reraining  analysis  in  [2]  applies  verbatim,  with  the  following  conclusions 


•  TH50H5M  (III.1)  (AIT  INVARIANT  R5 PHE SEriTATI ON ) 

(l)  The  three  classes  of  real  two-phase  sine-Gordon  wavetrains  modulate 
according  to 


fi  =  JL  rf->  .  a  n(+) 
dT  ax 


=  0  , 


(Ul.lOa) 


where 


rf-)  s  fi  +  -i-  ,  > 

+1  16  -1  * 


(III. 10b) 


n+i  *  -T  <<*-'*! )<E-'12)>  W 

(ni.na) 


(III. lib) 

(2)  are  the  unique  Abelian  differentials  of  the  second  kind  which 

satisfy  the  following  criteria; 

(i)  is  holomorphic  except  at  E  «  »  ,  ’ 

H  is  holoaorphic  except  at  E  «  0  . 


1 


<*2-  1  c$+)  ^  w  • 


M 


n 


-1 


/ff  \ 
“ -  <( 


•i)(f-i)W 


dE 


W 


/f 


E, 


fl  r  p(“)  dE 

(  i  E  )^rTET  • 
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(ii) 


-2  2 
Near  E  =  §  =  00  ,  respectively  E  =  §  s  0  , 

O  ~  +  (a  holomorphic  part)  . 

Z 1 


(iii) 


Y^- cycle 


0+  ^  s  0 ,  i  =  1,  2,  where 


f  ai-ii+i: 


'  V 


a2+Vb2 

b 


Breather  Train 
for  the  «i  Kink-Kink  Train 

Kink-Badiation  Train 


(3)  Away  from  the  branch  points,  the  expansions  of  tl+^  in  local  coor¬ 
dinates  are  given  by  (III. 11a,  b)  . 


IV.  COKSEQSSKCSS  0?  THE  ISVASIAST  REPBS SZKTATION 

The  three  classes  of  real,  two-phase  sine-Gordon  waves  modulate  according 

to  - 

0  =  w  n(  )  '  W  n(+>  *  0  •  (iv.i) 

As  in  [2],  expanding  (iV.l)  near  E  *  0  and  E  =  »  yields  the  averages  of 
the  familiar  "polynomial"  conservation  laws,  such  as  energy  and  momentum. 
Likewise,  the  same  arguments  in  Section  (IV. c)  of  [2]  yield  a  Hamiltonian 
form  of  these  modulation  equations.  We  do  not  expand  on  these  points  of 
view  here,  but  rather  move  or.  to  deduce  the  predictions  for  modulational 
stability  of  these  three  classes  of  waves. 

As  in  [2],  we  expand  (IV.  I)  in  the  local  coordinate  near  each  branch 
point  E  ■  ,  k  »  1,  2,  3f  4,  invoke  0=0,  and  the  vanishing  of  the 
leading  order  term  in  these  expansions  yields 
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IV. l)  (P.iemann  Invariants  for  the  Modulation  Equations 


For  all  three  classes  of  real  waves,  the  branch  points  are 


Rienann  invariants,  with 


-  s(k>-srE k  -  °*  k  = 1 . ^ 


(lV.2a) 


with  the  characteristic  speeds  given  by 


S  D  +'Ek 

0=0  3  _  k_T  k 

1  »<->  E3’1  ' 
j  =  0  J  k 


(lV.2b) 


where  D. 


f  +  \  _ 

are  given  in  terms  of  the  coefficients  C:  —  •  of  n 

«  i  i 


( + ) 
D(_) 


B(±) 


T  [C3+>  +  -HT  ^  c3')’>  3  =  1’2’ 


(IV. 2c) 


D(±) .  .  i 

'  3  2  * 


Analysis  of  the  characteristic  speeds  S'  '  for  each  class  of  waves  fields 
THEOREM  (IV. 2)  (Modulatio.nal  Stability  of  Two-Phase  Waves) 


(l)  Kink-Kink  Train.  The  characteristic  speeds  S'  ,  k  =  l,  .. 
are  real;  modulational  stability  is  predicted. 


(2)  Breather  Train.  The  characteristic  speeds  ,  k  =  l,  ... 


are  co: 


►mplex,  with  [S^]*  =  ,  [S^]*  =  ;  codulational  insta 


bllity  is  predicted. 

(k) 

(3)  Kink-Radiation  Train.-  The  characteristic  speeds  S'  ,k  =  l 
are  complex,  with  [S^]*  =  S^;  moduiational  instability  is  predicted 
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